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We define pseudohyperbolical Smarandache curves according to the Sabban frame in Minkowski 3-space. We obtain the geodesic 
curvatures and the expression for the Sabban frame vectors of special pseudohyperbolic Smarandache curves. Finally, we give some 


examples of such curves. 


1. Introduction 


In the theory of curves in the Euclidean and Minkowski 
spaces, one of the interesting problems is the problem of 
characterization of a regular curve. In the solution of the 
problem, the curvature functions «x and T of a regular curve 
have an effective role. It is known that we can determine 
the shape and size of a regular curve by using its curvatures 
K and T. Another approach to the solution of the problem 
is to consider the relationship between the corresponding 
Frenet vectors of two curves. For instance, Bertrand curves 
and Mannheim curves arise from this relationship. Another 
example is the Smarandache curves. They are the objects 
of Smarandache geometry, that is, a geometry which has 
at least one Smarandachely denied axiom [1]. An axiom is 
said to be Smarandachely denied if it behaves in at least 
two different ways within the same space. Smarandache 
geometries are connected with the theory of relativity and the 
parallel universes. 

If the position vector of a regular curve a is composed 
by the Frenet frame vectors of another regular curve f, 
then the curve « is called a Smarandache curve [2]. Special 
Smarandache curves in Euclidean and Minkowski spaces 
are studied by some authors [3-8]. The curves lying on 


a pseudohyperbolic space Ho in Minkowski 3-space E? are 
characterized in [9]. 

In this paper, we define pseudohyperbolical Smarandache 
curves according to the Sabban frame {a, T, &} in Minkowski 
3-space. We obtain the geodesic curvatures and the expres- 
sions for the Sabban frame's vectors of special pseudohy- 
perbolical Smarandache curves. In particular, we prove that 
special T§-pseudohyperbolical Smarandache curves do not 
exist. Besides, we give some examples of special pseudohy- 
perbolical Smarandache curves in Minkowski 3-space. 


2. Basic Concepts 


The Minkowski 3-space R? is the Euclidean 3-space R° 
provided with the standard flat metric given by 


(,:) = -dx + dx + dx, (1) 


where (x1, X2, X3) is a rectangular Cartesian coordinate sys- 
tem of RÌ. Since g is an indefinite metric, recall that a nonzero 
vector X € R? can have one of the three Lorentzian causal 
characters: it can be spacelike if (x, X) > 0, timelike if (x, x) < 
0, and null (lightlike) if (x, X) = 0. In particular, the norm 
(length) of a vector xX € R? is given by |x|] = y(x, x)| and 


two vectors x and y are said to be orthogonal if (x, y) = 0. 
Next, recall that an arbitrary curve «œ = a(s) in E? can locally 
be spacelike, timelike, or null (lightlike) if all of its velocity 
vectors &œ'(s) are, respectively, spacelike, timelike, or null 
(lightlike) for every s € I [10]. If |lx'(s)|| #0 for every s € I, 
then « is a regular curve in RÌ. A spacelike (timelike) regular 
curve a is parameterized by pseudo-arclength parameter s 
which is given by «: I c R — R? , and then the tangent 
vector a’ (s) along a has unit length, that is, (a'(s),a’(s)) = 
1((a’(s), «'(s)) = -1) for all s € I, respectively. 

For any X = (x), X2, X3) and y = (y,, Y2» y3) in the space 
R}, the pseudovector product of X and ¥ is defined by 


XXI =(P + XZVq0 XZ Vy — XV32%X V2 — %Y,)- 2) 


Remark 1. Let X = (X1,X,X3), Y = (Vp Vo ¥3), and Z = 
(Zi Z2» Z3) be vectors in R}. Then, 


Xi X2 X3 
Yı Fe Y3 
Zi Z2 723 


(i) (¥ x 7,2) = 


2 








= 


(ii) X x (F x Z) = —(X,Z) y + (X, V)Z, 
(iii) (Xx PX x J) = - (2, 2) (P, P) + BI, 
where x is the pseudovector product in the space R}. 


Lemma 2. In the Minkowski 3-space R`, the following proper- 
ties are satisfied [10]: 


(i) two timelike vectors are never orthogonal; 


(ii) two null vectors are orthogonal if and only if they are 
linearly dependent; 


(iii) timelike vector is never orthogonal to a null vector. 


Pseudohyperbolic space in the Minkowski 3-space RÌ is a 
quadric defined by 


Hy = {X € RI | -x +x + x5 =-1]. (3) 


Let ~: I c R — Hj bea regular unit speed curve lying 
fully in Hj in RÌ. Then its position vector a is timelike vector, 


which implies that tangent vector T = a’ is the unit spacelike 
vector for all s € I. Hence we have orthonormal Sabban frame 
{x(s), T(s), €(s)} along the curve a, where €(s) = a(s) x T(s) is 
the unit spacelike vector. The corresponding Frenet formulae 
of «, according to the Sabban frame, read 


nA 0 1 0 a 
E O -k,(s) 0 E 


where k,(s) = det(a(s), T(s), T’(s)) is the geodesic curvature 
of æ on Hj in Rj and s is arc length parameter of alpha. In 
particular, the following relations hold: 

AT Sc. 


T x é€=-a, (rusl. (5) 
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3. Pseudohyperbolical Smarandache Curves in 
Minkowski 3-Space 


In this section, we define and investigate pseudohyperbolical 
Smarandache curves in Minkowski 3-space according to the 
Sabban frame. 

Let «a = a(s) and P = f(s") be two regular unit speed 
curves lying fully in pseudohyperbolic space Hj in R? and let 
{a, T, €} and {ß, Ts, E g} be the moving Sabban frames of these 
curves, respectively. Then we have the following definitions 
of pseudohyperbolical Smarandache curves. 


Definition 3. Let a 
speed curve lying fully in Hj. Then o&-pseudohyperbolical 
Smarandache curve B : I c R + Hj of « is defined by 


: I c R | HỌ bea regular unit 


B (s* (s)) = 5 (aI + bE (s)), 6) 


where a,b € R, and a’ — b’ = 2. 


Definition 4. Let a 
speed curve lying fully in Hj.Then «T'-pseudohyperbolical 
Smarandache curve $ : I c R + Hj of a is defined by 


: I c R | HỌ bea regular unit 


= 
V2 


where a,b € Ry and g — b’ = 2. 


p(s" (s)) = — (aa (s) + bT (s)), (7) 


Definition 5. Let a : 
speed curve lying fully in H. Then «Té -pseudohyperbolical 
Smarandache curve B : I c R =œ Hj of « is defined by 


I c R ® EH bea regular unit 


B(s* (s)) = 5 (aa (s) +bT (s)+cE(s)), (8) 


where a,b,c € Ry and g? -b° - e? = 3. 


Theorem 6. Leta: I c R + Hj be a regular unit speed curve 
lying fully in HE. Then Të-pseudohyperbolical Smarandache 
curve B : I c R œ> Ho of x does not exist. 


Proof. Assume that there exists T&-pseudohyperbolical 
Smarandache curve of a. Then it can be written as 


k 1 
p (s* (s)) = Fi (aT (s) + bë (s)), (9) 
where a? + b? = —2, which is a contradiction. O 


In the theorems which follow, we obtain Sabban frame 
{B; Tg §p} and geodesic curvature KE of pseudohyperbolical 
Smarandache curve f. 


Theorem 7. Let « : I c R + Hj be a regular unit speed 
curve lying fully in Hf with the Sabban frame {a,T,&} and 
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the geodesic curvature k. fP: Ic Rw H? is ač- 
pseudohyperbolical Smarandache curve of «œ, then its frame 


1B; Tg, Spt is given by 


aoe 2. 
el] SE 
Tg = 0 e 0 T|, (10) 
SB os Get i 

2 


and the corresponding geodesic curvature ki reads 
ak, -b 
la - bk 





KF = >] a,b € Ro» (11) 


Jl 


where a — b? = 2 and e = +1. 


Proof. Differentiating (6) with respect to s and using (4), we 
obtain 


* a-bk 
peo ES er 
ds* ds /2 























" (12) 
x a n 
i ds _ g T 
ds /2 
where 
ds* | la - bk] 43) 
ds J/2 


Therefore, the unit spacelike tangent vector of the curve f is 
given by 

Tg = eT, (14) 
where e = +1 ifa - bk, > 0 for all s and e = -1 ifa - bk, < 0 


for all s. 
Differentiating (14) with respect to s, we find 





AT p ds* 
g ds 
ds* FA = e(a+k,é), (15) 
and from (13) and (15) we get 
V2e 
T, = ——— (a+k č). 16 
p la - bk,| ( g ) ( ) 


On the other hand, from (6) and (14) it can be easily seen 
that 
6p = P x Tg 
b d (17) 
= €— Q + e 


v2 V2 


is a unit spacelike vector. 
Consequently, the geodesic curvature k of the curve fp = 


B(s”*) is given by 
B ! 
kf = det (B, Tg T3) 
ak, 0 (18) 


la —bk,| 





Theorem 8. Leta : I c R + Hp be a regular unit speed 
curve lying fully in Hf with the Sabban frame {a,T,&} and 
the geodesic curvature k. fP: Ic R & H, igal- 
pseudohyperbolical Smarandache curve of a, then its frame 


1B; Tg, Sp} is given by 


H 


a b 
2 V ° 
b P bk, 
-= \2 + (bk) 2 + (bk) \2 + (bk,) 
ik, o abk V2 
442 bk, ) \/4+2(bk,) \2+ (bk,) 


(19) 
and the corresponding geodesic curvature k, reads 


b’k,£ — abk,£, + 2; 


kf = , a,b € Ro, (20) 


(2+ bk)” 
where 
e, = -b°k,k,, +a(2+(bk,) ), 
e, = -ab’kgk + (b- bK) (2+ (bk) ), D 
e3 = VK, + (ak, + bk’) (2 + (bk,) ). 
anda -b° = 2. 


Proof. Differentiating (7) with respect to s and using (4), we 
obtain 


dp ds 








1 
/ 
B' (s) = -o z (bo + aT + bk č), 
p i (22) 
S 
Tes = V2 (bo + aT + bk,€), 


where 





ds 2 


2 
ds* j + (bk, ) (23) 
Therefore, the unit spacelike tangent vector of the curve 
b is given by 


(bo + aT + bk,é). on 
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Differentiating (24) with respect to s, it follows that On the other hand, from (7) and (24), it can be easily seen 
that 
Lap 
alg ds" (e,a + €,T + eë) a 
© de Z. po gee 2 Pr (25) b°k abk 
dst ds (24 (bk) e ee ee ee a 
jı +2(bk,) Jı +2(bk,) 2 + (bk) 
From (4) and (23), we get (28) 
Hence &, is a unit spacelike vector. 
2 Therefore, the geodesic curvature ki of the curve B = 
Tg = ——_—__, (g,a+2£,T +66), (26)  B(s*) is given by 


(2+ (bk,) ) 


B ! 
k? = det (B, Tg, T3) 
b’k,£ - abk,€, + 28; (29) 
7 5/2 
(2 + b°k2 ) 


where 


e, = -b’kgk’, +a (2+ (bkg) ), m 


PY ; 5 Theorem 9. Leta : I c R + Hp be a regular unit speed 

= -abk k, + (b = bk? ) (2 T (bk,) (27) curve lying fully in HÈ with the Sabban frame {a,T,&} and 

the geodesic curvature k. fP: Ic R |> Ho is aTi- 

_ 23,21! ! 2 pseudohyperbolical Smarandache curve of a, then its frame 
= -bkk + (ak, + bk!) (2+ (bk,) J. (B. TE} is given by 














a ms A 
V3 V3 V3 
b a- ck, bk, 
[e-s ak pe) =a N ak K - 312 + 3| N ak me - 3K + 3| (30) 
2—3) kg + ac bc — abk, eres — ack, 
Ties -c) = 9k? +9 blak, - c) = 9k? +9 flak, - c) = 9k? +9 
and the corresponding geodesic curvature k reads = - ( (ak; -c) ak, — 3k, k ) (a — ck A 
KF = (- (ac - (a° -3)k,) & su, -~c) -3È +3)(b — ck, a -bk ), 
+ (bc - abk, ) £ + (34+¢° - ack, ) €) = - ( (ak; -c) ak, — 3k, k J) Ok, 
2 5/2\ 7! (31) 2 i 
x ( (ak, ~ 6) - 3k, +3) ) ; Aw. =6) =k, +3) ((a -ck g) kg + bk,) 
(32) 
anoe anda -b —c* =3. 
K Proof. Differentiating (8) with respect to s and by using (4), 
e =- ((ak,- c) ak’, — 3k. k,)b Wenne 


po- FS 4 
+ (ak, -c) - 3k, +3) (a-ck,), * ds 3 





(bæ + (a- ck) T +bk,), (33) 
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and thus 
ae - 5 (ba + (a-ck,)T +bk ë), (34) 
where 
ds* (ak, =c) ~ 3k, +3 (35) 
ds 3 


The geodesic curvature k, + (ac an 


Va?c? — (a? — 3) (c? + 3))/(a? — 3) for all s, since B = B(s*) is 
a unit speed regular curve in RÌ. 
Therefore, the unit spacelike tangent vector of the curve 
bp is given by 
l 


J(e, -— cy — 3k + 3| 


Pe (ba + (a - ck) T + bk,é). 


(36) 


Differentiating (36) with respect to s and from (4) and 
(35), it follows that 


T= 


3 
B 2 5 (&a + &T + e$), (37) 


(ak, — cy — 3ks + 3) 


(38) 


+ (ak, =c} - 3k, +3) ((a - ckg) kg + bk). 


On the other hand, from (8) and (36) it can be easily seen 
that 


7 T Tg 
7 - (a° -3)k, + ac 
lek, —c) -9k + J 
, bc — abk, 
felak, - c) -9k + J 
Spe = ack, 


P ce dia: E 
flak, -c ~9k2 + 9 


X 


. 


(39) 


Hence &g is a unit spacelike vector. 





5 
FIGURE 1: The curve « on H (1). 
Therefore, the geodesic curvature k of the curve B = 
B(s*) is given by 
A (B,Tg,T;) 
z (- (ac — (a -— 3) k,) €, + (bc — abk, ) & 
+(3 Eo - ack, ) €3) (40) 
=i 
x (((ak, -cf -3k + 3) ) 
E 


Corollary 10. Ifa: I c R +> Hj is a geodesic curve on Hj in 
Minkowski 3-space E}, then 


(1) xT -pseudohyperbolic Smarandache curve is also geo- 
desic on Hj; 


(2) a&-pseudohyperbolic and x«T&-pseudohyperbolic Sma- 
randache curves have constant geodesic curvatures on 
H$. 


4. Examples 


Example 1. Let « be a unit speed curve lying in pseudo- 
hyperbolic space H (1) in the Minkowski 3-space Ej with 
parameter equation (see Figure 1) 


2 2 
ao (Fns) (41) 
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FIGURE 2: The wé-pseudohyperbolical Smarandache curve f and the 
curve & on H (Ù; 





FIGURE 3: The aT-pseudohyperbolical Smarandache curve f and the 
curve a on H3(1). 


The orthonormal Sabban frame {a(s), T(s), &(s)} along the 
curve « is given by 


2 2 
S S 
a(s)={ —+1,—,5 ], 


T (s) = a’ (s) = (s,5,1), (42) 


JE 
éE(sj=æls) xT (s)= (5.5 — Ls). 
In particular, the geodesic curvature k, of the curve « has the 
form 
k,(s) =-1. (43) 
Case 1. If we take a = 2,b = v2, then from (6) the aé- 


pseudohyperbolical Smarandache curve f is given by (see 
Figure 2) 


p(s (s)) = ((v2+ 1) s° + 2Vv2, 


(V2+1)s°—2,(2V2+2)s). 


Nile 


(44) 


FIGURE 4: The «T&-pseudohyperbolical Smarandache curve f and 
the curve œ on H;(1). 


From Theorem 7, its frame {£, Tg, g} is given by 


p v2 0 1 X 
Tg =|/0 1 0 T|, (45) 
7 -1 0 42 


and the corresponding geodesic curvature ki reads 


Pf 
k = -]. (46) 
Case 2. If we take a = v3, b = -—1, then from (7) the 


aT -pseudohyperbolical Smarandache curve is given by (see 
Figure 3) 


B(s° (s)) = i£ (V3s" — 2s + 2V3, V3s" — 2s, 2 V3s — 2). 
(47) 


According to Theorem 8, its frame {f, Tg, g} is given by 
uw 


0 
P z 2 a 
Tg = _ v3 1 v3 T 5 (48) 
g - |L 
pe 
6 2 3 
and the corresponding geodesic curvature ki reads 
P- 
keen (49) 


Case 3. Ifa = 3, b = V3, and c = V3, then from (7) the aTE- 
pseudohyperbolical Smarandache curve f is given by (see 
Figure 4) 


(( v3 + 1) s? + 2s + 2V3, 


NO | = 


B(s" (s)) = 


(V3 +1)s° +2s-2,(2V3+2)s +2). 
(50) 
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FIGURE 5: Pseudohyperbolical Smarandache curves of « and the 
curve a on H3(1). 


By using Theorem 9, it follows that the frame {f, Tg, &g} is 
given by (see Figure 4) 


V3 1 1 














4 vV3-1 , 1-v3|}% 
Tg | = l ae (51) 
2 2 
Es é 
V3+1 V3 +1 
2 2 
and the corresponding geodesic curvature k reads 
B 1/2 
kë = -6(2 + V3) (3+ V3). (52) 


Also, Pseudohyperbolical Smarandache curves of a and 
the curve« on Hi (1) with Figure 5 are shown. 
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